Suppose that / is analytic in the unit disk. A theorem of Hardy and Littlewood relates the Holder continuity of / over the unit disk to the growth of the derivative. We prove here a quasiregular analogue of this result in certain domains in n-dimensional space. We replace values of the derivative with a local integral average. In the process we generalize a result on the continuity of quasiconformal mappings due to Nakki and Palka. We also present another proof of the relationship between the growth of the derivative and quasiregular mappings in BMO.
When /:Q-»iî" is differentiable, we denote its Jacobi matrix by Df and the norm of the Jacobi matrix as a linear transformation by \Df\. When Df exists a.e. we denote the local Dirichlet integral of f at x e Q by Here B = B(x, d(x, dQ.)). When the measure is omitted from an integral, as here, integration with respect to «-dimensional Lebesgue measure is assumed.
A continuous increasing function X(t): [0, oo) -► [0, oo) is a majorant if X(0) = 0 and if X(t{ + t2) < X(h) + X(t2) for all h , h > 0.
Liprextension domains are a wide class of domains discussed in §3. Quasiregular mappings are discussed in §2.
We prove the following result in §4. Simple examples show that the term d(x\, <3Q) cannot in general be omitted. For example f(x) = x|.x|a-1 with a = KxAx~n) is A^-quasiconformal in B = B(0, 1), Df(x) is bounded over x e B yet f e Lipa(i?) (see [1, Remark 3.12] ). However, by suitably modifying a theorem of Näkki and Palka [13] to the quasiregular case, we obtain the following result.
1.3. Theorem. Suppose that f is K-quasiregular in a Lip x-extension domain n where X(t) = ta and 0 < a < KXAX~").
If there exists a constant C\ such that ( here Jf is the determinant of the Jacobi matrix Df. When / is quasiconformal, logJf is integrable over each ball B c il. If « = 2 and / is conformai, then log// is harmonic and Of(x) = \f'(x)\. When / is quasiconformal af(x) and Df(x) are equivalent (Lemma 2.7) and because of this, Theorems 1.2 and 1.3 reduce to the results in [1] . As the example z" shows, the ratio Df(x)/af(x) may depend on the local topological index and is in general unbounded for quasiregular /.
We also prove a result corresponding to Theorem 1.2 in the case a = 0. Although Theorem 1.4 follows from a result of Vuorinen [18, p. 104, Theorem 4 .29] the proof given here is similar to the proof of Theorem 1.2.
If / = (f\, h ,-■.,/«): ß -R" , then we write, with B = B(x, d(x, dil)),
We write ||/||, for the BMO norm of / over Q (see §6). When n -2, f is 1-quasiregular if and only if it is an analytic function. A homeomorphism in R" is quasiregular if and only if it is quasiconformal in the usual sense. For information on quasiregular mappings see [3, 12, and 20] .
We list here some preliminary results. for all a e R and all j = 1, 2, ... , n.
The following lemma shows that Theorem 1.2 is equivalent to the result of Astala and Gehring [1, Theorems 1.9 and 3.7] if / is quasiconformal and X(t) = ta.
2.7.
Lemma. If f is K-quasiconformal in il, then there exists a constant C, which depends only on n and K, such that
for all x eil.
Proof. Since / is quasiconformal, ||log7/||» < oo [15, p. 
Next using the inequality // < \Df\" a.e. and Jensen's inequality we obtain (2.11) cxp(j^-J log Jf^<Df{x). The proof is similar to the proof of the characterization of Lipa-extension domains in [8] and Lip^-extension domains in [11] . We include the proof here for completeness.
Proof. Fix x\, x2 e il and let y be a curve joining X\ to x2 in il which satisfies We also have the following lower bound for the capacity of the Teichmüller condenser (see [6, 4) ). In the case that il is a half space, it appears in [16, for all i, j = 1,2, ... , n .
